Abstract: By using the tools of derivatives with respect to the domain and the Bernoulli's free boundary problem for Laplacian operator we give sufficient conditions in the case of placement obstacle problems for Laplacian Dirichlet eigenvalue.
Introduction
The study of problems of analysis of stability of the exterior and interior Bernoulli's free boundary problems form in [2] leads us to get interesting information about obstacle problem for the principal eigenvalue (the first eigenvalue of the Laplace operator with Dirichlet boundary conditions). And what is the obstacle problem?
The problem of obstacle for the fundamental eigenvalue is to locate the position of the placement of obstacles or wells so as to maximize or to minimize the first eigenvalue of the considered operator.
In [15] , the authors studied this problem by considering the Laplace or
Schrodinger operator defined within a fixed, bounded, open domain D with zero Dirichlet boundary conditions on the boundary. Inside this domain, they placed a ball which represents an obstacle or a well, the position of which is under their control, and their goal is to locate the optimal position of the piece under their control. And in their works (cf. [15] ), one can find some interesting partial answers assuming convexity and/or symmetry properties for D. They also gave illustrative examples. In this part of our work, considering an obstacle or a well not necessarily a ball, we study sufficient conditions to obtain the minimum or maximum value for the first eigenvalue of the Laplace or Schrodinger operator. The beginning of this study is that, we suppose that we have critical position of the obstacle in the domain. This means that the shape derivative of the fundamental eigenvalue which we shall explain in this paper, equals a constant on the boundary of the considered domain.
In the sequel, we focus our efforts on the minimization problem because the maximization one's uses the same techniques.
The problem of the optimal placement of the obstacle is stated as follows:
We assume that Ω = D\K, where K ⊂ D, represents an obstacle or a well which is a C 2 -regular domain. The shape of K is fixed a priori and only its position changes by rigids motions (translations and rotations, but in this study we are going to focus on motions by translations). Let us suppose that Ω is a critical point, i.e. we have a position of K such that the derivative with respect to the domain of the first eigenvalue is equal to a constant on the boundary of K or D.
Our aim is to give sufficient conditions to characterize the shape of the obstacle K so as the fundamental eigenvalue of the Laplace or Schrodinger operator on Ω with Dirichlet condition on the boundary of the domain is minimum.
The obstacles we shall consider may be hard, by which we mean that the zero Dirichlet conditions are additionally imposed on the boundary of K or then may be soft, by which we mean that the operator we are going to consider is of the following form:
where α ∈ R, and χ K is the indicator function of the region K defined by:
A hard obstacle corresponds to α = +∞. The term of well refers to the case in which the constant α is negative. These types of operators are defined in standard ways, and our sign convention of the fundamental eigenvalue with a hard obstacle is positive and in the case of well it may be negative. For more information on these operators, see for instance [6] .
Notation: In this paper, we use the following notation:
The placement obstacle problem for the fundamental eigenvalue:
In this article, we mention same techniques used in our paper [2] . We study the obstacles positions problem using the findings from [2] on the functional J, introduced by Alt and Caffarelli in [1] .
We offer the following details. Suppose we have a critical point for the first eigenvalues of the Laplace operator, we will give the quadratic form associated with the first eigenvalues of the Laplace operator and finally we will end this article by giving the placement obstacle problem 
where Ω = D\K and K is a C 2 domain. The first eigenvalue is defined by:
We assume that there is Ω ∈ O ǫ . Then, we have
And if Ω is a critical point for λ Ω , then there is a Lagrange multiplier β Ω such that:
where n is the exterior unit normal vector to Ω = D\K (n is the interior unit normal vector to K).
Proof. We give a sketch of proof with some hints giving the desired result. We use, in particular, the implicit functions theorem, also the shape derivative techniques, see for instance pioneer works of Schiffer [28] or [18] , [25] . Some hints for the proof are:
Let us consider the problem
Using the shape derivative, we get
Multiplying by u the first equation of the above system, using the Green formula and finally replacing u ′ by its value on the boundary of Ω, we get:
The Lagrange multiplier appears because of the constraint required on the volume of Ω.
Proposition 2.2. (The case of well)
Let us consider the following problem:
Then, we have:
.ndσ, where n is the exterior unit normal to K.
And if
(m 0 being a fixed positive real number) is a critical point for λ Ω , then there is a Lagrange multiplier γ Ω such that:
If Ω is a critical point for λ Ω and if, moreover, the volume of K may change, then u = 0 on ∂K.
To prove this proposition, one uses the same techniques and the same way than in the proof of the case of the hard obstacle. But the equation satisfied by the shape derivative changes as follows:
3. Quadratic form associated with the obstacle placement problem
The quadratic shape is obtained by calculating the second derivative of λ ′ (Ω, V ) against the domain. Let us take V given by V (x; t) = v(x)n(x), v ∈ H 1 2 (∂Ω) and n(x) is the exterior normal defined on ∂Ω.
So before going on, we need some hypotheses, let us suppose that:
(ii) -( ∂u ∂n ) = c > 0 (a positive constant).
Proposition 3.1. (Case of hard obstacle) Let us suppose that Ω is a critical point, then
Here β Ω is the Lagrange multiplier which is negative, Λ is the solution of the following boundary value problem
H is the mean curvature of ∂K and L is a pseudo-differential operator which is known as the Steklov-Poincaré or capacity or Dirichlet to Neumann operator (see e.g [12] ), defined by Lv = ∂Λ ∂n , n is the unit exterior normal of K. In fact Λ is the harmonic extension of v in Ω.
Proof of Proposition 3.1. We use the definition of the derivative with respect to the domain and we apply it to λ ′ (Ω, V ). Then we get
Note that
as we have u = 0 on ∂K, and: ∇u = ∂u ∂n n = −cn. Hence,
We have u ′ = − ∂u ∂n V.n = cV.n on ∂K. And since − ∂u ∂n = c a.e. on ∂K, and V.n = v, we get u ′ = cv on ∂K and n.∇u 
Λ is the extension of v in Ω\K. Hence,
We have div(|∇u| 2 vn) = v∇(|∇u| 2 ).n = 2v|∇u|∇(|∇u|).n.
Since by hypothesis Ω is C 2 , then we use the formula of the motion of level set which is related to the mean curvature.
In fact, ∂K = {x ∈ R N ; u(x) = 0} and we have
where H is the mean curvature of ∂Ω. Furthermore: since u = 0 on ∂K, we have ∆u = 0 on ∂K. Finally we get (N − 1)H = −cn |∇u| 2 .∇(|∇u|), i.e.,
And by the Green formula, we get
Remark 3.1. Let us note that since the Lagrange multiplier β Ω is negative, we have to take into account this information on the research of local strict minimum.
In fact,
, where Q(v) is the quadratic form computed in the free boundary part of this paper.
To have information on the positiveness of the quadratic form Q 1 , it suffices the positiveness of Q and after on cane conclude easily as follows: if Q > 0 then Q 1 > 0.
The sufficient conditions for the strict local minimum are of the same conditions in the case of free boundary problem is obtained in [2] . 
Proof of Proposition 3.2.
One can use the same techniques as in the previous Proposition 3.1. No information can be obtained from only the calculation of the second derivative. We have a degeneracy situation. We think that it would be a good challenge to study this situation.
Sufficient conditions for the minimum
To provide sufficient conditions for a local minimum is of basic worth. We first present the results obtained in our previous paper [2] .
Let A be an operator defined in the following sense:
where I is the identity operator and L is the pseudo-differential operator defined as in Proposition 3.1, and H − = max(0, −H).
Remark 4.1. By hypothesis ∂Ω is of the class C 2 , then the mean curvature H is a continuous function on ∂Ω.
Let us set α(x) = (N − 1)(||H − || ∞ + H(x)), ∀ x ∈ ∂Ω. We remark that α is continuous and ∀ x ∈ ∂Ω, α(x) ≥ 0 (and α(x) > 0 on a sufficiently large set). Proof. See in [2] . Ω is a local strict minimum of λ Ω if and only if
So (λ n ) is an increasing sequence going to infinity. Then we have
Suppose that
this gives
Since λ 0 > 0, then as a result λ n growing and we get
, with c 2 = −2β Ω . We are now in the case where it is possible to use the main result in [11] , which can be formulated as follows: there is a positive constant C and a positive function w and lim 
where j ′′ (t) = d 2 λ(Ω t , V, V ), j(t) = λ(Ω t ), and j ′′ (0) = d 2 λ(Ω, V, V ) = Q(v), j(0) = λ(Ω). We replace in (13) and get
Using the Taylor formula with integral rest, we get:
Using the inequality (12), we have the following: if λ 0 > 0, then Ω is a local strict minimum for the functional λ Ω .
if Ω is a convex domain, then λ 0 = 1 µ 0 > 0. Hence Ω is a local strict minimum for the functional λ Ω .
Conclusions
Let Ω be a critical form of the first eigenvalue of the Laplace operator with Dirichlet boundary conditions. By Proposition 4.1 we conclude that:
• if (N − 1)||H − || ∞ < 1 µ 0 , then Ω is a local strict minimum for the first eigenvalue λ Ω of the Laplace operator;
• if Ω is a convex domain, then 1 µ 0 > 0. Hence Ω is a local strict minimum for the first eigenvalue λ Ω of the Laplace operator.
